Kaleidocycles are continuously rotating n-jointed linkages. We consider a certain class of six-jointed kaleidocycles which have a spring at each joint. For this class of kaleidocycles, stored energy varies throughout the rotation process in a nonconstant, cyclic pattern. The purpose of this paper is to model and provide an analysis of the stored energy of a kaleidocycle throughout its motion. In particular, we will solve analytically for the number of stable equilibrium states for any kaleidocycle in this class.
Introduction
Kaleidocycles represent a class of mechanisms which have potential in applications of engineering design due to their unique combination of characteristics: they are continuously rotatable mechanisms, they have the ability to possess multiple stable equilibrium states with a variety of characteristics, and they can be designed as compliant mechanisms. An understanding of kaleidocycle behavior, especially the ability to characterize their stable equilibrium properties, has the potential of leading to new compact devices not previously possible. This can be particularly useful in applications, such as switches, relays, and autonomous sensors. They also show promise as a way of improving durability in applications where detents are currently used to achieve multiple stable states. Figures 1 and 2 show six-jointed kaleidocycles.
In this paper, we develop analytical solutions for finding the number of stable states of six-jointed kaleidocycles with respect to a range of geometric parameters. Associated theorems and their proofs are presented to support the analysis, and potential engineering applications are listed. The work is inspired by preliminary work that numerically approximated the solutions [1] .
The popularization of the kaleidocycle is attributed to artist Wallace Walker and mathematician Schattschneider who published the book M. C. Escher Kaleidocycles in 1977 [2] . Kaleidocycles have been an object of fascination ever since, as their continuous rotation without articulating hinges is accomplished in a visually complex pattern.
We consider six-jointed kaleidocycles consisting of a ring of tetrahedra for which the tetrahedra are all congruent. We also require that each tetrahedron be joined along one edge to a congruent edge of another tetrahedron. Having a single degree-offreedom, the position of a kaleidocycle through its rotation can be measured by the angle between each consecutive pair of tetrahedra. The symmetry of the kaleidocycles causes each of the six angles to have one of just two mutually dependent values. These values alternate as we move around the kaleidocycle. This Fig. 1 A compliant-mechanism kaleidocycle that uses polypropylene "surrogate folds" to create the function of the rotating joints and the torsion springs symmetry enables mechanism mobility and ensures that there is one degree-of-freedom.
To model its kinematics, a kaleidocycle's tetrahedra can be modeled as rigid links (the solid lines shown in Fig. 3 ) and its joints as kinematic pairs [3, 4] , resulting in the mechanism illustrated in Fig. 4 . This is also known as a Bricard 6R mechanism [5] [6] [7] , and its motion can be modeled using methods employed in the analysis of spatial mechanisms [8] [9] [10] [11] .
A kaleidocycle is said to be realizable if and only if it is constructible and completely rotatable without self-intersections. We are concerned only with realizable kaleidocycles in this paper. The realizable kaleidocycle is infinitely rotatable.
A structure is said to be monolithic if it can be folded from a single sheet of material. Kaleidocycles can be monolithic, eliminating the need for articulating hinges. Rather, energy is stored in the springlike flexures which lay on the edges between tetrahedra. Kaleidocycles folded from a single sheet fall into the category of compliant mechanisms [12] . The kaleidocycle shown in Fig. 1 is a monolithic compliant mechanism.
As the kaleidocycle rotates, the joints connecting tetrahedra bend, storing and releasing energy. Unlike most compliant mechanisms, the stored energy at any position of the kaleidocycle is the same as when it is in that same position after one more complete rotation. Kaleidocycles thus violate a long-held assumption that monolithic compliant mechanisms were incapable of continuous rotation.
The stored energy changes throughout the rotation cycle of the kaleidocycle. Because the stored energy is not constant during rotation, there exist mechanism positions where the energy stored is a local minimum or maximum. The local minima indicate stable equilibria in the rotation, while the local maxima indicate unstable equilibria. The energy is being stored as strain energy in the bending joints, and they can be modeled as springs with properties that are functions of the geometry and material properties. The mathematical model we use in our analysis assumes springlike hinges such as those fashioned in compliant mechanisms [13] [14] [15] [16] [17] . The behavior is similar to that experienced in carton folding [18] , only here elastic deflections are assumed. A kaleidocycle's geometric properties, along with the properties of the springs, determine the number of stable equilibrium states it will exhibit. Many options exist for creating bistable mechanisms, but that is not the case for single degree-of-freedom multistable systems, which are more difficult to synthesize and analyze. We explore how to analytically determine the number of stable states for a given kaleidocycle.
Multistable mechanisms possess multiple stable equilibrium positions within their range of motion [19] [20] [21] . This characteristic can be helpful in mechanisms where distinct positions are desired, such as latches [22] , surface curvature control [23] , relays [24] , containers [25] , and threshold sensors [26] , and no power is required to hold a given position, only to transition between positions. The kaleidocycle is not the only paper mechanism to have recently inspired the study of multistable systems [27] [28] [29] [30] .
Folded systems, such as the kaleidocycle, origami [31, 32] , and pop-up mechanisms [33] , have inspired systems as diverse as mechanical metamaterials [34, 35] , deployable solar panels [36, 37] , crash boxes [38] , deployable masts [39] , self-folding machines [40, 41] , and deployable shelters [42] .
Preliminaries
2.1 Some Geometry. A tetrahedron can be constructed as follows: Let S 1 ¼ a 1 b 1 and S 2 ¼ a 2 b 2 be segments such that the lines containing them,
, are skew. Then, the tetrahedron s is the join of S 1 and S 2 , so that
by an angle a. The value of a is a key property of kaleidocycles. Since L 1 and L 2 are skew, there is a nonzero minimal distance between L 1 and L 2 . Moreover, there exists a unique segment r joining L 1 and L 2 that realizes the distance between L 1 and L 2 . The tetrahedron s may or may not contain r, but regardless, it is an important Fig. 4 How h, /, and a are defined from the core segments and hinge lines Transactions of the ASME feature of the kaleidocycle. We refer to r as the core segment of s. Figure 5 gives a visualization of this construction. Now that we have constructed a tetrahedron, we can create five duplicates of s, three of which are mirror images of the first and connect them to form a kaleidocycle as shown in Fig. 2 . In particular, note that every tetrahedron is connected to the next along one of the edges. Furthermore, the edges along which adjacent tetrahedra are joined are congruent edges between tetrahedra. Finally, the tetrahedra are connected such that adjacent tetrahedra mirror one another.
If there are any self-intersections in the resulting kaleidocycle, it is not realizable. Even if there are no self-intersections initially, there may be intersections later in the rotation process, making the kaleidocycle not realizable. An example of a kaleidocycle that is realizable is one that satisfies: (1) a ¼ p=2, (2) S 1 and S 2 are centered on the endpoints of the core segment r, and (3) r is longer than both S 1 and S 2 .
The Bricard 6R.
A kaleidocycle is made up of tetrahedra joined by flexures or articulating hinges. Because all the tetrahedra are congruent, the lengths of each of the core segments must necessarily be equal. The core segments of a kaleidocycle are illustrated in Fig. 3 . All the six core segments together form a linkage that is included in the class of Bricard 6R linkages [6] .
A Bricard 6R is an overconstrained linkage of six segments and joints in a ring which, by virtue of being overconstrained, was thought to be immobile according to the Kutzbach Mobility Criterion. Bricard, however, showed the criterion to be sufficient, though not a necessary condition for mobility by providing his 6R linkage as a counterexample. Indeed, the Bricard 6R is mobile and possesses the property of infinite rotation [5] . Although Bricard considered a wide range of 6R linkages, a subclass of these linkages corresponds to the kaleidocycles in this paper. Thus, Bricard's work on 6R linkages lays foundational ideas for our study of kaleidocycle motion [8] .
Angle Relations.
Recall that the angle between vectors lying along the joining edges of tetrahedra is denoted by a. Because all the six tetrahedra of a kaleidocycle are congruent, a given kaleidocycle corresponds to a single value a. It should also be noted that unless a ¼ p=2, the angle a could be measured as its supplementary angle, so that we can choose a > p=2 or a < p=2 on the same kaleidocycle. We will see that the stability properties we examine here are equivalent for both cases. For a kaleidocycle to be realizable, it is a necessary (though not sufficient) condition that
As stated earlier, the symmetry of the kaleidocycles we consider here allows us to divide the six joints into two sets of three joints each. Starting from an arbitrary joint in the core segment structure, every other angle (to a total of three) has a value h, while the remaining three have value /. These angles are the angles between adjacent core segments measured on the exterior as shown in Fig.  4 . The relationship between h, /, and a is given by the relation [7] g½aðh; /Þ ¼ ðcos
The angles h and / are important in measuring the rotational state of the kaleidocycle. Given a, we would like to solve for / in terms of h. Note that for almost every realizable h, there are two / values satisfying Eq. (1). Thus, two functions will be required to represent the relation between / and h. We call these functions c þ ½aðhÞ and c À ½aðhÞ. In particular,
where
T½aðhÞ ¼ Arg½ðÀcos 2 að1 À cos hÞ þ ð1 þ cos hÞÞ À ið2 cos a sin hÞ
We give a full treatment of the derivation of Eq. (2) in the Appendix. We can use Eq. (2) to reduce functions of the form f ðh; /Þ to a function of h only, f ðh; /ðhÞÞ. We will abuse notation and simply write f ðhÞ when convenient, but we still must take into account both forms of Eq. (2). We obtain both plus and minus branches of c 6 ½aðhÞ, which we will denote by f þ ðhÞ ¼ f ðh; c þ ½aðhÞÞ 
It is easily verified that the stability properties of the kaleidocycle are the same for both a and p À a. In particular,
Thus, the graph of g½aðh; /Þ ¼ 0 is a reflection of g½p À aðh; /Þ ¼ 0 across either the line h ¼ 0 or / ¼ 0. This is demonstrated in Fig. 6 .
Stored Energy.
Each joint in a kaleidocycle acts as if restrained by a torsional spring which stores energy according to the equation
where k b is the torsional spring coefficient, b is the angle of the joint, and b 0 is the joint angle at which the spring holds no energy. Linear spring behavior is assumed in this work. The spring function may originate from any number of sources, including an actual torsion spring connected at a pin joint. The most likely origin of the resistance to motion is from the deflection of flexures that deflect to achieve the motion. Relating flexure behavior to spring constants is well documented in the compliant-mechanism literature [12, 13] . For a traditional kaleidocycle, the spring would be associated with the crease's resistance to deflection and may be from folding paperlike materials [18] or thin sheets of polymers or metals [43] . Less obvious flexures are also possible, such as the polypropylene compliantmechanism kaleidocycle shown in Fig. 1 . In this example, compliant torsion hinges (also known as surrogate folds [44] ) enable the motion. Self-intersection is avoided by ensuring that the structure fits in the tetrahedral volumes described for the traditional kaleidocycle. The linear spring assumption may be invalid if the flexure materials are strained into the nonlinear range. This can be minimized by using thin materials at the hinges to reduce the strain. For cases with moderate nonlinearities, an approximate linear assumption is still valuable for approximating the multistable behavior because the method relies on the location of local minimums and maximums of potential energy rather than magnitudes. For cases with highly nonlinear materials, spring functions would be used to replace the spring constants.
The Case of Two Alternating Sets of Identical Springs
In this section and throughout the next, we assume that the springs at every other joint in our kaleidocycle are identical. In Sec. 5, we will see that the results of this case directly apply to the general case in which the springs may differ.
3.1 The Energy Function. Then, the energy of the entire kaleidocycle system is
where k h is the effective torsional spring constant of the three h joints, k / is the effective torsional spring constant of the three / joints, h 0 is the angle of the joint at which the h springs holds no energy, and / 0 is the angle of the joint at which the / springs holds no energy.
Note that k h and k / are the effective spring constants, meaning their values account for all the three springs on h joints or / joints, respectively. We consider only positive k h and k / .
We will see that the individual values of k h and k / are not as important as the ratio
3.2 Intrinsic and State Variables. The six variables associated with our kaleidocycles are: a, r, h 0 , / 0 , h, and /. The variables a, r, h 0 , and / 0 are properties of a kaleidocycle determined when it is constructed and normally are fixed after the construction. These variables are known as intrinsic variables. The interdependent variables h and / change as the kaleidocycle rotates. Each one determines the current position or state of the kaleidocycle. Hence, they are called state variables.
We will explore points at which energy is a local minimum in h and / variables for given values of a, r, h 0 , and / 0 . The points at which the local minima occur correspond to the stable states of the kaleidocycle.
Kaleidocycle Notation.
We denote a kaleidocycle with intrinsic variables a, r, h 0 , and / 0 by K½a; rðh 0 ; / 0 Þ We will find this notation useful when we consider collections of kaleidocycles where a and r are fixed, but where h 0 and / 0 are varied.
Results
4.1 Motivation. Evans et al. [1] demonstrated numeric solutions to the number of stable states of the kaleidocycle K½p=2; 1ðh 0 ; / 0 Þ. The result is the star plot in Fig. 7 . Each region in the h 0 / 0 -plane corresponds to a collection of kaleidocycles with an equal number of stable states. The shape of the star was calculated numerically. The calculations were numerically intensive, and each plot required hours of computation time to generate. This is one reason we endeavor to find analytic results supporting the numeric results. An analytic method for generating Transactions of the ASME plots like the plot in Fig. 7 will improve efficiency when performing calculations. We also seek to find a general function for this type of plot for arbitrary r and a so that we can analyze a broader class of kaleidocycles.
Our goal is to derive parameterizations of the curves which bound the regions in Fig. 7 . We denote the star-shaped curve or star plot for given values of a and r as S½a; r.
Lagrange's Method of Optimization.
Because the stable states of a kaleidocycle occur at energy minima, we will attempt to minimize the energy stored in a kaleidocycle with respect to h and /. We will apply Lagrange's method of constrained optimization since h and / are interdependent.
Note that the energy of a kaleidocycle Eðh; /Þ, given in Eq. (5), is a function of two variables subject to the constraint gðh; /Þ ¼ 0, given in Eq. (1). The method of Lagrange indicates that if Eðh; /Þ is at an extremum subject to gðh; /Þ ¼ 0, then rEðh; /Þ Â rg½aðh; /Þ ¼ 0
If we simplify the above equation, we get the relation
We see that we can find h 0 as a relation in terms of h, /, and / 0 . We solve for this relation in terms of two functions N 6 ½/ 0 ðhÞ
Sometimes we will not specify the branches explicitly and simply write
We can plot N 6 ½/ 0 ðhÞ for fixed / 0 , r, and a, as shown in Fig. 8 . The plot in Fig. 8 shows that for every h 6 ¼ 0, there exist two h 0 values such that the kaleidocycle is in an equilibrium state at h. Consider a horizontal line in the hh 0 -plane, as shown in Fig. 8. (The particular line shown in Fig. 8 represents the kaleidocycle K½p=2; 1ðp=20; p=20Þ.) The number of times the line crosses the plots indicates the number of equilibrium positions possessed by the kaleidocycle K½a; rðh 0 ; / 0 Þ. Note that an equilibrium position can be either stable or unstable. We need to distinguish the stable solutions from the other solutions.
Stable and Unstable Equilibrium
Values. An example of the energy stored in the kaleidocycle as a function of h is given in Fig. 9 . This plot has eight local extrema, four local maxima, and four local minima. We are only interested in the minima, so we will utilize the second derivative test to determine which extrema are minima, as mentioned previously. Figure 8 is a graph of the function h 0 for which there is an equilibrium at h, but it makes no distinction between stable and unstable equilibria. We will show in Theorem 4.6 that the second derivative of energy with respect to h is, in fact, directly proportional to the first derivative of N with respect to h. By excluding the sections of the plot in Fig. 8 with nonpositive slope, we are left with that part of the graph of h 0 which represents a stable equilibrium at h, as shown in Fig. 10 .
The summary of this section will be two results In preparation, we introduce a few more notations. Remark 4.1. Note that g½aðh; /Þ is periodic in h and / with a period of 2p. Hence, any solution to g½aðh; /Þ ¼ 0 in R 2 is a member of an equivalence class of solutions. The equivalence Fig. 8 A plot of N 6 ½p=20ðhÞ for K ½p=2; 1ðh 0 ; p=20Þ. The kaleidocycle K ½p=2; 1ðp=20; p=20Þ appears to have eight equilibria. The two plots correspond to the two different branches of N 6 . Fig. 9 Energy as a function of h over the full rotation for K ½p=2; 1ðp=30; p=30Þ The following proposition will support the other results in this section. We have relegated the proof of this proposition to the Appendix, as the argument is a bit tedious. We are now ready to prove the major theorems which allow us to differentiate between stable and unstable equilibria. THEOREM 4.5. G½a dom½a Â dom½a. Proof. Note that g½aðh; /Þ is continuous and has continuous partial derivatives. By the continuity of g½a; G½a is closed in ½Àp; p Â ½Àp; p, and so it is compact. Let p h : G½a ! R be the projection function so that
This function is clearly continuous, and it is defined on a compact set, so there must exist a maximizer and a minimizer in G½a. Let ðh max ; /Þ be a maximizing element. If g / ½aðh max ; /Þ 6 ¼ 0, then by the implicit function theorem, there exists a function /ðhÞ defined on an open neighborhood W R containing h max such that for all h 2 W; ðh; /ðhÞÞ 2 G½a. Thus, there exists e > 0, such that g½aðh max þ e; /ðh max þ eÞÞ ¼ 0 But then h max is not a maximizer, and so we have a contradiction. Therefore, if ðh max ; /Þ is a maximizer of p h , then g / ½aðh max ; /Þ ¼ 0. Similarly, if ðh min ; /Þ is a minimizer, then g / ½aðh min ; /Þ ¼ 0.
Note that g / ½a is defined at every point in G½a, but by Proposition 4.4, it is only zero at two values of h. These two values must correspond to the minimizer and maximizer. In particular, Proposition 4.4 tells us if ðh; /Þ 2 G½a and g / ½aðh; /Þ ¼ 0, then h ¼ 6arccos
Thus, h 2 Àarccos
By the same argument, interchanging the roles of h and /, the variable / must also be contained in dom½a: Therefore,
for all h 2 domðaÞ. Proof. Recall from Eq. (11) that
For h 2 domðaÞ, we can express E as a function of h only by letting / ¼ /ðhÞ. Using the notation / h ¼ d/=dh and holding h 0 and / 0 constant, we see that
This is the second derivative of energy in h, which is positive for stable equilibria. We obtain from the method of Lagrange multipliers from Eq. (6) the function
provided that g / ½a 6 ¼ 0. But we know by Proposition 4.4 and Theorem 4.5 that g / ½aðh; /Þ 6 ¼ 0 for any h 2 domðaÞ. Observing that g½aðh; /Þ ¼ 0 is a level curve of the surface z ¼ g½aðh; /Þ, we invoke the implicit function theorem: At every point ðh; /Þ 2 G½a where g / ½aðh; /Þ 6 ¼ 0 (i.e., h 2 domðaÞ), we can find a local parameterization /ðhÞ such that in a neighborhood of h g½aðh; /ðhÞÞ ¼ 0 Then,
We simplify to get Therefore,
It follows that:
Hence, the first derivative of N in h is proportional to the second derivative of E in h by the positive constant k h . ٗ
Bordered Hessian.
At this point, we make a short digression to discuss the bordered Hessian matrix. The bordered Hessian is a matrix of the second derivatives of a function and first derivatives of one or more constraints. It is used to determine the concavity of the function at extremal points with respect to the constraint(s). As it relates to our problem, the function is energy, Eðh; /Þ and the constraint is, again, g½aðh; /Þ. The bordered Hessian is given byĤ
The determinant of this bordered Hessian evaluated at a minimum or maximum gives us information about the stability of our solutions:
detðĤÞ > 0: unstable solution detðĤÞ ¼ 0: undetermined detðĤÞ < 0: stable solution One may wonder if an approach performing the bordered Hessian is worth investigating as a method for determining the number of stable states for a given kaleidocycle. While this is helpful in determining if a particular solution is stable or unstable, we concluded that this approach to the problem of finding the number of stabilities is more cumbersome than our current approach. However, in problems with higher degrees-of-freedom, this may be a more helpful approach.
4.5 Minima and Maxima of N 6 ½/ 0 ðhÞ. Figure 10 shows a plot of N 6 ½/ 0 ðhÞ excluding all the regions of nonpositive slope. Consider a kaleidocycle K½a; rðh 0 ; / 0 Þ constructed with the specific intrinsic value h 0 , indicated by the horizontal line drawn in Fig. 10 . The number of intersections between the horizontal line and the plots indicates the number of stable equilibria for K at that h 0 value. If we change the value of h 0 under consideration, the number of stable states remains the same until we cross a maximum or minimum value of N (see Fig. 11 ). At this point, the number of intersections, or equivalently the number of stable states, increments or decrements. Likewise, if / 0 changes, so do the shapes of the graphs. Consequently, the maxima and minima change in value, potentially incrementing or decrementing the number of stable states for K½a; rðh 0 ; / 0 Þ. Thus, for every value of / 0 , there are a collection of local minimum and maximum values of h 0 given by N 6 ½/ 0 ðhÞ at its extrema.
We assemble each pair of ðh 0 ; / 0 Þ such that N 6 ½/ 0 ðhÞ attains a local extreme value of h 0 . The collection of all such points is the star plot S½a; r in Fig. 7 and introduced in Sec. 4.1. The curve S½a; r separates the h 0 / 0 -plane into regions having a fixed number of stable states.
4.6 Parameterizing the Star Plot. We want to find parameterizations of the curves comprising the star plot by finding functions H 06 ðhÞ and U 06 ðhÞ, such that S½a; r ¼ fðH 06 ðhÞ; U 06 ðhÞÞ j h 2 dom½ag Each point ðh 0 ; / 0 Þ 2 S½a; r has the property that h 0 is an extreme value of N 6 ½/ 0 ðhÞ. So we once again apply the method of Lagrange multipliers in order to find extreme values and define the desired functions. Here, we are merely treating Eq. (7) as a function of two independent variables subject to the constraint g½aðh; /Þ ¼ 0. We want to optimize
recalling that g / and g h are the partial derivatives of Eq. (1), both of which have dependence on h, /, and a. Expanding
Substituting in for / using Eq. (2), we define two functions U 06 ðhÞ that parameterize the variable / 0 for points of S½a; r Fig. 11 The bar representing K ½p=2; 1ðh 0 ; p=20Þ now intersects the plot at a boundary point
To parameterize the variable h 0 for points of S½a; r, we simply substitute Eq. (9) for / 0 in Eq. (7), once again obtaining two functions
Note that in the equations above, there is a / 6 ðhÞ dependence in each of the g derivatives not explicitly stated here. Thus, we have four functions H 06 ðhÞ and U 06 ðhÞ which form the coordinate pairs for two parametric functions ðH 0þ ðhÞ; U 0þ ðhÞÞ and ðH 0À ðhÞ; U 0À ðhÞÞ. Together, these two parametric functions define the curve S½a; r in the h 0 / 0 -plane. The star plot S½a; r obtained from these parameterizations in h, assuming r ¼ 1 and a ¼ p=2, is shown in Fig. 12 . Figure 13 gives the region plots for variable r and a. The values for each plot are organized in Table 1 .
Interpreting
Results. For a given a and r, we can plot its star plot S½a; r that separates the regions where kaleidocycles will have one, two, three, or four stable states. In particular, if the points ðh It is easy enough to compute the number of stable states for all the 18 regions in Fig. 12 , but is there a pattern for arbitrary values of r and a? What about the general case? We have observed the following pattern that applies in the cases we have investigated: At extreme values of h 0 and / 0 , a kaleidocycle will always be monostable. This is because only one branch of N 6 ½/ 0 ðhÞ achieves arbitrarily large values of h 0 . A region is bistable when it shares a boundary with the monostable region. The tristable regions are any regions not already classified as monostable bordering a bistable region. Finally, any region bordering only tristable regions are quadstable.
Alternatively, and more precisely, one could simply choose a sample point from the region in question, plot the energy curve as in Fig. 9 , and count the number of stabilities manually. All the other points in that region will have the same number of stabilities.
Varying r and a.
We now describe how changes in the values of r and a affect the shape of the star plot S½a; r.
Varying r: Starting at r ¼ 1, as r ! 0 or r ! 1, any quadstable and tristable regions disappear, and it is only possible to obtain monostable and bistable kaleidocycles. The bistable region becomes very large, meaning that most kaleidocycles with small h 0 and / 0 will be bistable as r ! 0 or r ! 1.
Varying a: When the value of a deviates from p=2, the star stretches along the diagonals. The tristable regions get larger as the quadstable region disappears, but the bistable regions get very large as well. So again, almost every kaleidocycle with small h 0 and / 0 will be bistable as a ! p=3 or a ! 2p=3.
Varying both r and a: Notice that S½p=2; 1 has 4 deg of rotational symmetry and four lines of symmetry: one along each axis and one along each diagonal. If we deviate from ½p=2; 1 in the r variable, we lose the diagonal symmetries, retaining one rotational symmetry. If we deviate from ½p=2; 1 in the a variable, we lose the vertical and horizontal axes of symmetry, but still keep one rotational symmetry. If we deviate from ½p=2; 1 in both the r and a variables, we lose all the axes of symmetry, but still retain a single rotational symmetry.
4.8 Verification. The multistable behaviors predicted are consistent with those achieved using the numerical method described in Ref. [1] and with results achieved in physical testing of hardware described in theses by Evans [45] and Rowberry [46] .
The Case of Nonidentical Springs
In the general setting of a six-jointed kaleidocycle, we relax the constraint that the springs at every other joint of the kaleidocycle are identical, so that the spring constants and equilibrium angles at each joint may differ. The angles at the joints are still governed by the relation In particular, every other joint will have angle h and the remaining three joints will have angle /. Then, the energy stored in the joints of the kaleidocycle is then given by
where E hi ðh; /Þ is the energy stored in the ith h-joint, and E / i ðh; /Þ is the energy stored in the ith / -joint. We must evaluate the critical points and determine which critical points correspond to local minima, or stable states.
If again we assume that our basic model for energy stored in a spring is
where n 2 fh; /g, then Fig. 12 The parameterized curve S½p=2; 1 Table 1 The values for a and r in Fig. 13 Figures a r
1/2 13(h) 7 p=12 1 13(i) 7 p=12 2 Fig. 13 These are the plots of S½a; r for various values of r and a as described in Table 1 . Different colored regions represent regions with different numbers of stable states, as follows: Gray-monostable, blue-bistable, yellow-tristable, and red-quadstable.
then substituting and solving for h 0 we get, as before, Eq. (7)
where / ¼ c 6 ½aðhÞ ¼ 6C½aðhÞ þ T½aðhÞ
Because the nonidentical springs can be combined into a single equivalent spring, the analysis will be the same, including the verification of Theorem 4.6. As a result, the same star graphs apply. In particular, the tetrahedron
has the same stable states as K½a; rðh 0 ; / 0 Þ, where r, h 0 , and / 0 are given in Eqs. (14)- (18). Remark 5.1. One implication of this result is that a six-jointed kaleidocycle, constructed from congruent tetrahedra having different spring constants and equilibrium angles at each joint, can have at most four stable states.
Comparison of Energy Functions. Let E be the energy function for
K½a; k h1 ; k / 1 ; k h2 ; k / 2 ; k h3 ; k / 3 ðh 1 ; / 1 ; h 2 ; / 2 ; h 3 ; / 3 Þ given by Eq. (5) and E Ã be the energy function for K½a; rðh 0 ; / 0 Þ given by Eq. (11), where r, h 0 , and / 0 are as in Eqs. (14)- (18) . Then,
In particular, the energy functions differ by a constant. Thus, the variations in the energy functions with respect to h and / are identical. Moreover, we observe that E ! E Ã , equality holding only if the springs are identical. Therefore, the case of identical springs provides the lowest energy device having a given energy profile.
Conclusion
We have shown that it is possible to predict the stability properties of six-jointed kaleidocycles with spring joints. We have presented analytical solutions for finding the stable states and the influence of various parameters on system behavior. Theorems and corresponding proofs support the analysis. The results show promise for application in a range of engineering systems that require multistable systems, many of which have been identified in the paper.
By identifying each kaleidocycle with a point in parameter space with the corresponding intrinsic variables, we can divide parameter space into regions with similar stability properties. Though this analysis applies to a wide variety of kaleidocycles, it is not exhaustive. We have considered a class of six-jointed kaleidocycles, which represents a subset of the kaleidocycles that may exhibit multistable behavior. For example, we could consider n-jointed kaleidocycles for n > 6. However, kaleidocycles constructed with more than six links will have additional degrees-offreedom which increase the complexity of the kinematics of the system. Furthermore, kaleidocycles are a small class of possible n-jointed linkages, even as a subset of the Bricard 6R family of linkages. Each n-jointed linkage will have unique relationships among its various rotation angles, similar to the relationship between the variables a, h, and / given by Eq. (1). The analytical process presented in this paper may provide a foundation for studies extending to these larger classes of rotating mechanisms. The increased understanding of multistable kaleidocycles can facilitate their design for future engineering applications, such as latches, surface curvature control, multistate switches, containers, passive sensors, detent replacements, mechanical valves, and safety devices that require known discrete states.
